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ABSTRACT
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and for positive functions and sequences in Banach lattices. Then the
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and continuous) of operators and for semigroups of positive operators.
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1. Introduction

Let X be a Banach space, and « : [0,00) — X be a locally integrable function.
It is well-known that the existence of the Cesaro limit y := limy_oo t ! fo s)ds
implies that the Abel limit limy}o A fo tx(t)dt also exists and equals y. Simi-
larly, if for a sequence {x,,}52 , C X the Cesaro limit y := lim,,—,oo n ™! ZZ;Ol xp
exists, then the Abel limit lim,41(1 —7) > 2 "z, = y. In general, the exis-
tence of the Abel limit does not guarantee the existence of the Cesaro limit. For
example, it is shown in [6, p. 8] that if z,, := 4(—1)"[n/2] — 1 for n > 1, where
[n/2] denotes the largest integer not exceeding n/2, then n=! >}z = (-=1)",
but lim,q1(1 —7) D07 | 7", exists.

The Tauberian theorem of Hardy and Littlewood is a useful tool in summabil-
ity theory and ergodic theory [7, Chap. 18]. It states that if 2(-) (resp. {2, }°2,)
is bounded, or is positive in a Banach lattice, then the existence of the Abel
limit also implies the existence of the Cesaro limit, and the two limits coincide
(cf. [7], [6, Theorem 3.3]). The convergence rate of Cesaro limit and Abel limit
has been an interesting subject. See e.g. [1] and [17]. Recently, in [11], rates of
growth of || Y_, P¥f||2 for P a Markov operator are used for a central limit
theorem.

The purpose of this paper is to generalize the above convergence theorem

7

t 00
lim ¢~ d d lim—— “AMa(t)dt
Jim /0 x(s)ds an lim o<1 /0 e Ma(t)

n—1

1_
o St S ),

Section 2 is concerned with convergence theorems for the case v > —1, Sec-
tion 3 treats Tauberian theorems for functions (resp. sequences) for which
12 "on s)ds (resp. n=7 >, ack) is bounded and feebly oscillating, and Sec-
tion 4 proves Tauberian theorems for positive functions and positive sequences
in Banach lattices for the case v > 0. The main results in these three sections
can be summarized as follows:

For v > —1, if y := limy_ o0t~ "on s)ds (resp. := lim, o, n~7 ZZ;Ol k)
e Ma(t )dt (resp. limgq; % Yoo o) = y.
When t~ "on s)ds (resp. {n=7> Y a3}) is bounded and feebly oscillating,
or when v > 0 and ||z(t)|| = O#"~1)(t — o0) (resp. ||xn| = O(n?~1)), or when

exists, then limy o F(7+1 fo

v > 0 and z(-) (resp. {x,}32,) is positive in a Banach lattice, the converse
implication is also true.
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Applications of the general results in Sections 2 and 3 to discrete semigroup
{T"} and continuous semigroups {T'(t);t > 0} of operators will be given in
Section 5. We obtain convergence theorem (Proposition 5.1) and Tauberian
theorem (Propositions 5.2) between

n—1 t
: —a—1 k : —a—1
7}1—>120n ,;_OT Jc(resp. tlirgot /0 T(s)xds)

and

) (1 . r)aJrl 0 ) )\a+1 /oo Y
lim ———— nn . lim — T(t)zdt
1 T(a+ 2) HZ::O” elresp- sy f, ¢ T

for a > —2. Propositions 5.3 and 5.4 present particular properties for the cases
—1 < a < 0 and o = 0, respectively. Section 6 will consist of applications of
the general results in Section 4 to semigroups of positive operators. Proposition
6.1 is a Tauberian theorem dealing with the above limits for o > —1. Proposi-
tion 6.2, a mean ergodic theorem for positive semigroup, is a specialization of
Proposition 6.1 for the case « = 0. We have exhibited nine illustrating examples
scattered in Sections 2, 3, 5, and 6.

A convergence theorem is a special case of a ratio limit theorem (cf. [13]). Nat-
urally, we are interested in generalizing the convergence theorems and Tauberian
theorems in Sections 2 and 4 to ratio limit theorems and ratio Tauberian the-
orems for functions in Banach lattices. Results in this respect will appear in
[21].

2. Cesaro mean convergence implies Abel mean convergence

In this section we deduce Abel mean convergence from Cesaro mean conver-
gence. We first prove the following lemmas.

LEMMA 2.1: Suppose h € L*((0,00)) is piecewise continuous on (0, 00) and has
the property that there are two numbers b > a > 0 such that h is monotonic on
(0,a) and (b,00). Then

(i) >2°7, h(An) converges absolutely for all A > 0;

n=1

(ii) limyo AY07, [h(An) — [TFEh(A)dt] = 0;
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(iil) if f:[0,00) — X is a bounded step function satisfying f(t) = f([t]) for all
t > 0, then

lim
210

A i h(An) f(n) — A /OOO h()\t)f(t)dtH —0;

(iv) under the additional assumption that h is positive, if {u,}>°; C X con-
verges to u € X, then

lim =0.

L0

A h(An)uy, — )\/ h(\t)dt - u
n=1 0

Proof: Since |h| has to be non-increasing on [b, 00), (i) follows from the integral
test.

(ii) Since h is monotonic on (0,a), there exists a’ € (0,a) such that |h| is
monotonic on (0,a’). Thus, for 0 < A < a’/2 we have

2
Amin{|h(A)|,|h(2A)|}§/\ Ih(t)dt —0 asA]0

because h € L'((0,00)). Hence Ah(A\) — 0 as A | 0. This fact will be used later.

Let & > b, and let A > 0 be so small that o’ < ([¢'/A\] + 1)A < a and
b < AV'/A] <¥. Since ([a'/A] +1)A — @’ and ([//A\]| —1)A — b as A | 0, we
have

[b'/\] -1 il
A |h()\n)—/ h(\t)dt|
n=[a’/A]+1 n
[b' /A -1
SUDY sup  h(Mp)— inf h()\sn))

n=[a’ /A\]+1 n<t,<n-+1 n<sp<n+l

N+ DA - d h(t) - inf sl
H@NFDA=)( s WO it A))

/I / _ _ :
+O-@A-DN( s BO - it H)

b’ b’
:U(PA,h)fL(PA,h)H/ h(t)dtf/ h(t)dt =0 as |0,

where P, is the partition {a’, ([a'/A\] + DA, ([@'/A] +2)A, ..., ([b'/A] — 1A, '} of
[@', V'] and U(Py, h) and L(Py,h) are the upper and lower Riemann sums of h
with respect to Py, respectively. Since h is monotonic on (0, a) and (b, c0), and
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since h(An) — 0 as n — oo (by (i)), we obtain that

<Z Z >|h (An) /:Hh(At)dﬂ

n=1 b’/,\]
[a’/X
<)\Z|h)\n An +1)) |+)\ Z A(n +1))|
=[b"/\]
[a’/X o
= D (h(An) — h(A(n + 1)))‘ +AL D (h(An) — h(A(n +1)))
n=1 n=[v' /A

= Alh(A) = h([a’/A] + 1)A) ]+ A[R([6'/AN))
< AR 4+ Amax{|h(a)], |h(a")|} + A|R(b)] = 0 as A | 0.

This proves (ii). (iii) follows from part (ii) directly.
(iv) Tt follows from (iii) that

lim |/\Z h(An) / h(\t)dt| = 0.
0

n=1

Hence there is a X' > 0 such that [A Y07, h(An)| < A [° [h(At)|dt+1 = ||h]l1+1
for all A € (0,)). Let € > 0 be arbitrary. There is an integer N > 1 such that
|un — u|| < e for all n > N. Thus we have for all A € (0, \)

H)\Z h()\n)un—)\/o h(At)dt - u
n=1

SH)\ih(An)(u —u) + )\ih()\n)—)\/oooh()\t)dt

<)\Z [h(An)|||wn — ul| + €A Z

n=N+1

A i h(A\n) — )\/Oo h(\t)dt

[l

]

Since h is positive and Ah(A) — 0 as A — 0, with the above estimate this implies

lim sup ||\ Z h(An)w, — )\/ h(At)dt - u|| < e(||h]l1 + 1).
A0 0

Since € > 0 is arbitrary, this shows that

lim |\ h(An)u, — A h(\t)dt - = 0. [ ]
i A D by / ()t - u

n=1
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LEMMA 2.2: If a sequence {u,,}22; C X converges to u € X, then for all v > 0

lim(1 —7r)” r"nY " lu, = I(v)u.
-3 )

Proof: Let A= —1Inr (0 <r < 1). Then we have

limA/(1—7r) = 11%111(71117‘)/(1 —r)=1

rT1
and so
> 1—7r\7 >
li 1—7r)Y n,_y—1 — i ( ) lim \Y n,_y—1
7}%111( T) Zr n? = lim (—— ) lim Zr n' "y,
n=1 n=1
o
=1lim » e *(\n)"" I,
L0
n=1
o
zlim)\/ e M) dt
Ao o

= / e dt - u =T (v)u.
0

Here the third equality follows by applying (iv) of Lemma 2.1 to the function
h(t)=e %71 1

PROPOSITION 2.3: Let v > —1 and {x,}52, be a sequence in X. Ify :=
lim,,— oo 17 ZZ;& 2y, exists, then

I (1—r) n.
7T1I‘fy+1 Zr =Y

Proof: Let s, := Z lek for n > 1 and sg := 0. Under the assumption:
Up :=n" 78, — y, we have ||s,|| = O(n?) and so > r"s, converges absolutely
for all 0 < r < 1. It follows that Y7 (7" x, = >~ r™(Sp41 — Sp) converges
absolutely for all 0 < r < 1. Hence

1—r) i Pz, = (1—1)7 [ i (A4 1) gy — i r"mun}

n=0 n=0 n=1

1 — )t 2
Zﬁzr"nvu T+ 1)y

n=1

as r — 1, by replacing the v in Lemma 2.2 by v + 1. |

The following proposition is a continuous analog of Proposition 2.3.
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PROPOSITION 2.4: Let v > —1 and z : [0,00) — X be a locally integrable
function. If y := limy_ oo t 7 fo s)ds exists, then

A7 &
lim ——— e Mz(t)dt = v.
QOW7+1%A (£)dt =y

Proof: Let v(t) =t~ 7fo s)ds. For any £ > 0, there is ¢ > 0 such that
lo(t) —yl <e for all t > t.. Using integration by parts, we have

HL /Oo e Ma(t)dt — yH

I(y+1)
7+1
“Ien / o
L(y+1)

Xt
H 7+1 e MeTu(t) yH
A+

< / M fu(t) — y|dt

)\’y-{-l te )\—y+1 0o
g-—————/ e*%wwu)—ymﬁ+a—————/‘e—“ﬂﬁ
T(v+1) /o Llyv+1) Ju.

A+

te
STH1D - A— o0+,
~T(y+ 1)t / o) —y|ldt+e—ecas A —

Since € > 0 is arbitrary, the conclusion follows. |

Applying Proposition 2.3 (resp. Proposition 2.4) to the sequence {x,, — y}
(resp. the function z(t) — y), we can deduce the next corollary about the con-
vergence rates of Cesaro mean and Abel mean.

COROLLARY 2.5: If [|[n=t 3" — x — y|| = o(n=P) (resp. ||t~} fo s)ds —y|| =
o(t=P)(t — o00)) for some 0 < B < 2, then also |[(1 — 7)Y 0" r"a, —y|| =
o((1=7)")(r 11) (resp. A [§~ e Ma(t)dt — y]| = o(A7)(A | 0).

Remark: The converse of Proposition 2.3 (resp. Proposition 2.4) fails to hold
for any v > 0. For the case v > 0, this follows from Proposition 2.8 of [10]. The
following are examples for the cases: v =1 and v = 0.

Example 1: Let X be a Banach space with dim X > 2. It is shown in [6]
and [10, Corollary 2.4] that there exists a Cesaro-mean-bounded operator T'
(resp. uniformly continuous Cy-semigroup T(-)) on X such that T"/n (resp.
T(t)/t) fails to converge to 0 strongly as n — oo (resp. t — o). Hence T
(resp. T'(+)) is not Cesaro mean ergodic, i.e., there exists an z € X such that
lim,, oo n™ " S0 T*a (resp. limy ot fo s)xds) fails to exist (cf. Remark
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(1) under Corollary 2.4 of [10]). But, if we assume that X is reflexive then, by
the Abel mean ergodic theorem (cf. [6, Theorem 2.1]), limyq1 (1—7) > 07 o r" T
(resp. limxjo A [y~ e MT(t)zdt) exists for all 2 € X.

Example 2: Let x, = (—1)%, k > 0. Then

1*7"0 rkx: rkflk: — =
( )kzzo g l;) (=1) 1+r 2

as r T 1. On the other hand,
— 1 (n=20+1)
0 _ = )
n' Y@= {0 (n = 21).
k=0
Thus, lim,,—,c n° Zz;é 2, does not exist.

3. Generalized Tauberian theorems for functions and sequences of
growth order v —1

In this section we will show that the converse of Proposition 2.4 is also true
for functions z : [0,00) — X which satisfy ||z(t)|| = O 1)(t — o00) (see
Proposition 3.4). We start with the next lemma.

LEMMA 3.1: Let h € L'((0,00)) be such that span{h(\-); X\ > 0} is dense in
LY((0,00)), and let f € L*>((0,00), X). If

2L0

lim A / T RO f(t)dt =0,
0

then
lim A k(A dt =0

L0

for every k € L'((0,00)). The assertion also holds when “\ | 07 is replaced by
“A T m”.

Proof: Let ¢ > 0 and k € L'((0,00)) be arbitrary. By the assumption on h,
there are positive numbers c1, ca, .. ., ¢, and scalars a1, as, ..., a, € C such that

/ooo ‘k(t) N zn:akh(%t)‘dt <e.

k=1
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Therefore, we have for every A > 0

H)\/ook()\t)f( )dtH

=| [ s

gH/O [k(t)—kglakh(ckt t/)\dtH H/ Zakhckt (t/)\)dtH

< ellfloe+ 3 Jaxl A / h(ceAt) f(t)dtH.
k=1 0

Since € > 0 is arbitrary, by taking A | 0 we get from the assumption that

Al0

lim)\/oo k(M) f(t)dt = 0.
0

This completes the proof. |

LEMMA 3.2: Let h € L'((0,0)) be such that

f=0 a.e whenever f € L*((0,00)) and
*) /OO RO F(E)dt = 0 for all A > 0,
0

Then span{h(X\-); A > 0} is dense in L*((0,00)). In particular, the conclusion
holds for the two functions: hy(t) := e~ 71, ¢t > 0; ha(t) := t7" x(0,11(t), with
Revy > 0.

Proof: The result follows from the fact (L'((0,00)))* = L*((0,00)) and the
Hahn-Banach theorem.
To verify condition (*) for hy, let f € L*°((0,00)) be such that

/ e M) (#)dt =0 for all X > 0.
0
Then, using integration by parts we have

00 t
/ e—/\t/ s71f(s)dsdt =0 for all A > 0.
0 0

Since fot s771f(s)ds is exponentially bounded and continuous, it follows from
the uniqueness of Laplace transform that fot s771f(s)ds = 0 for all t > 0. This
implies that f = 0 almost everywhere (cf. [5, Theorem I1.2.9]).
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To verify condition (*) for hg, let f € L*°((0,00)) be such that

/ ha(M)F()dt =0 for all A > 0,
0

/2

We have for every A > 0 f t7=Lf(t)dt = 0. Hence f =0 a.e. |

We are now in a position to prove the following generalized Tauberian theo-
rem. The case v =1 is well-known (see [7], [6, Theorem 3.3]).

PROPOSITION 3.3: Let f € L*°(]0,00),X) and let x € X. Then the following
are equivalent:
(a) limyjo A [;° e M7 f(t)dt = T(y)x for some v € C with Rey > 0;
(') limy ;o A [~ e 7L f(t)dt = T(v)a for all v € C with Rey > 0;
(bp) lim,_eon™ fO" 77 Lf(s )ds = —Jc for some v € C with Re~y > 0;
(bt) limyoot™7 fot 771 f(s)ds = %l‘ for some v € C with Revy > 0;
(be’) limy—eo ™7 3 svflf( )ds =1z for all v € C with Rey > 0;
¢) limyjo A [y~ k(A fo t)dt = for all k € L*((0,00)).
Moreover, if f is feeb]y oscdlatmg, ie, ||f(s) — f(t)]| — O whenever t — oo
and t/s — 1, then the above conditions are also equivalent to

(d) limg_oo f(t) = .

Proof:  Since N7 [~ e 7~ 1dt = T'(y) and ¢~ fot 7 s = % for all \,t > 0,
we may assume z = 0. “(a’) = (a)” and “(b;’) = (bt) = (b,)” are obvious,
and “(c) = (a’) + (b;’)” follows by letting k = hy and k = he. “(a) = (c¢)”
follows from Lemmas 3.1 and 3.2.

(bp) = (bt). If (by,) holds, then limy o [t] ™7 fo[t] 77 f(s)ds = %x for some
v € C with Rey > 0. Since

. ]
’w [t = [0t s
) 1
—y y-1 =t !
< ‘t /[t] 77U (s)ds| + ’(t [t] )/0 577 f(s)ds
— Re
< tfRe’Y 'tR'6771|‘fHoo + ’([tﬁ) — 1‘[t]Re’Y[i]{TJ”f”00 —0

as t — oo, we also have lim;_ .o, t~7 fg 77 f(s)ds = %z

Finally, we have for every v € C with Rey > 0

oo /A
lim)\/ ha(As)f(s)ds = 1/\1?01)\/1 (As)?~ 1 f(s)ds
0 0

2L0

t—o0

¢
= lim t*V/ T (s)ds
0
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Therefore “(b;) = (c)” follows from Lemmas 3.1 and 3.2.
“(d) = (bt)” can be proved easily. That (a) (with v = 1) implies (d) for the
case that f is feebly oscillating is proved in Theorem 18.3.3 of [7]. |

The following Tauberian theorem gives the converse of Proposition 2.4.

PROPOSITION 3.4: Let v > —1 and z: [0,00) — X be a measurable, locally
mtegrable function. Suppose t=7 fo s)ds is feebly oscillating on (0,00) and
I fo s)ds|| = O(t")(t — o). Then

t—o0o

¢
lim tfv/ z(s)ds =y
0

exists if and only if

A7 o
lim ——— “Mr(t)dt = y.
b, ¢ e

In particular, the conclusion holds when v > 0 and ||z(t)|| = Ot~ 1)(t — o0).

Proof: 'We may assume that || fg (s)ds|| <t for all t > 1. Let f(¢t) = 0 for
0<t<1land f(t —tVfO s)ds for t > 1. Then f € L>([0,00), X), and f is
feebly oscillating on [0, c0).

Since

t
lim t*V/ x(s)ds = tlim f),
0 —e

t—o0

and since

o] [oe] t
1/\11101)\7/ e*Atz(t)dt:I/\i?Ol)ﬂH/ e*At/ x(s)dsdt
0
:1/\1?01)\7“(/ / )( _’\t/ (s)ds)dt

:1}%?8)\7“/ _’\t/ s)dsdt (by v+ 1>0)

= lim A ! / e M f(t)dt
0

AlO

one can deduce the conclusion from Proposition 3.3 (replacing v by v + 1).
Here, if v > 0 and [|z(¢)|| = O ~1)(t — o00), then we may assume that
lz(t)|| <t~ for all t > 1. Then for t > 1

t 1 t 1 t'y
H [ ata < [reoas+ [ oas = [ atoppas+ 7.
0 0 0 0 Y
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and hence vy > 0 implies that || fo s)ds|| = O(t7)(t — o0). It remains to verify
that the function f, defined by f(t) =0 for 0 <t < 1 and f(t) =t" fo
for t > 1, is feebly oscillating. Indeed, we have for 1 <t < s

t

1£(s) = £(0)] = || s / A (D)) dr 4 (570 - £77) / #(r)dr

§s_7/ T dr + (t —37[/ llz(s)|lds + }
t
:2%{1_@” 1 /Hx JI|ds,

which tends to zero as ¢ — oo and t/s — 1.

— <t<1;
Example 3: Let x(t) = {t_23’/2 (1) P i - (1);) and v = —1/2. Then for all ¢ > 0

t 1 t
t*V/ x(s)ds = t1/2 [/ (—2)ds +/ 53/2ds} = -2
0 0 1

On the other hand, using L’Hospital’s rule we obtain

i A 1/2 o] v p
irirm J, O
2M\/2 e
:lim—/ (—1)e " Mtx(t)dt
alo T'(1/2) J,

2)\1/2 1 1 0

:hm—{2/ e—“tdt+/ e—*trl/th—/ e_’\tt_l/th}
Mo T(1/2) L7 Jo o .

2)\1/2

=l

—DHATV20(1/2) = -2,

which justifies the assertion of Proposition 3.4.

Next, we deduce from Proposition 3.3 its discrete analog. It is easy to see
that the functions h; and hy are piecewise continuous on (0,00) and satisfy
the property that there are two numbers b > a > 0 such that h; and hsy are
monotonic on (0,a) and (b, 00). Combining Lemma 2.1 and Proposition 3.3, we
obtain the following result.

PROPOSITION 3.5: Let {z,}22, be a bounded sequence in X and let x € X.
Then the following are equivalent:
(a) limyq1(1 —7)" > 07 n7~ 4", = T'(v)x for some v € C with Rey > 0;
(a”) limyp1 (1 — 7)Y Y07, n?~tr"a, =T (y)z for all v € C with Rey > 0;
(b) limpoon™ >0 kY oy = %x for some v € C with Rey > 0;
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(1) limy oo™ 7> 4 K7 ey = %l‘ for all v € C with Revy > 0;
(¢) limpoon ™t Y0, o = .
Moreover, if {zy} is feebly oscillating, i.e., ||€m — || — 0 whenever n — oo
and n/m — 1, then the above conditions are also equivalent to

(d) limy— o0 Tp = .

Proof: From the fact that limy o 7—==x = 1, it is easy to see that

o
lim(1 —r)” E Yz, = lHm \Y g nY"te Mg,
rn A0 /

n—

Define f(t) := z, forn <t <n+1,n=0,1,2,.... Then (iii) of Lemma 2.1
implies

210

li o y—1_—An — 1
im A ;n e "ay, ;%A;hl()\n)f(n)

— lim A / By (M) £ (£)dt = Tim A7 / TN (1) dt
0 ALO 0

L0

whenever the limit on either side exists, and also
lim n™" i K lap = lim n™! i (ﬁ)v_lf(k) = lim n~! i ho (E)f(k)
n—oo 1 n— oo el n n— oo st n

—tim ot [ he(2) f(s)d
RN CECE
= lim n_"’/ s77f(s)ds

0

whenever the limit on either side exists. Now the equivalence of (a)-(c) follows
from the equivalence of counterparts in Proposition 3.3. “(d) = (¢)” is obvious.

To show “(c) = (d)” for the case that {z,} is feebly oscillating, let ¢ > 0 be
arbitrary. There exist n. € N and 6 = . > 0 such that ||z, — 2| < € for all
ne <n <k<n(l+4§). Since

n+[nd) n+[nd] n
5] 1 n 1
IR e D VR P PR
k n+1 k=1 k=1
n 1 n+[nd] 18 1 n+[nd]
= Tp—— D Tp| + Tk,
[nd] [ + [nd] 1;1 n ; } n + [nd] ;
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by (c), it converges to [z — x] + z = x as n — oo. Using this fact we conclude
that for n > n,

n+[nd] n+[nd|

Jon =l = | 3 e 15] PORCEES
k n+1 =n-+1
n+[nd]
e
k n+1

which tends to € as n — oo. Since ¢ is arbitrary, this shows (d).
This completes the proof. |

Just like the derivation of Proposition 3.4 from Proposition 3.3, from Propo-
sition 3.5 one can easily deduce the following discrete analog of Proposition 3.4.
It gives the converse of Proposition 2.3.

PROPOSITION 3.6: Suppose the sequence {x,}52, satisfies HZZ;& x|
O(n")(n — oo) and |m= S0 ax — n=Y 5y ax|| — 0 whenever n — oo
and n/m — 1, where v > —1. Then

n—1
lim n™7 g Tp =Y
n—oo

k=0

exists if and only if
I (1—r)”
7T1F7—|—1 nzjor Tn =Y
In particular, the conclusion holds when v > 0 and ||z,| = O(nY~1)(n — ).

The next proposition shows that all the limits in Proposition 3.3 become zero
if f belongs to L1(]0,00), X) with 1 < ¢ < oo.

PROPOSITION 3.7: Let f € L%((0,00), X) with 1 < ¢ < o0.
(i) If h € LP[0,00) where % + % =1, then

AlL0 A—00

lim AL/? /OO h(XE) f(t)dt = Jim AL/P /OO h(\t)f(t)dt = 0.
0 0

(ii) In particular, if ¥ > 1/q, then

nmm—l/Q/ e MY TLf(t)dt = lim m—l/Q/ e ML (t)dt = 0,
Al0 0 A—00 0

¢ ¢
lim t*VH/q/ s7 1 f(s)ds = lim t*VH/q/ s7f(s)ds = 0.
0

t—o0 tl0 0
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Proof: (i) We define for every A > 0 a linear operator Fy : L1((0,00), X) — X
by
Fy(g) := )\1/”/ h(At)g(t)dt for g € LI0, 00).
0

By Hoélder’s inequality, we have for every A > 0 and g € L9((0, 00), X)

s < ([ o) ([ )

= [IAllollglle-

Therefore, || Fi|| < ||k, for all A > 0.
If g € L9((0,00),X) is such that ¢ = 0 a.e. on [b,00) for some b > 0, then,
since ¢ > 1 implies p < oo, the integrability of |h|? implies

ol ([ mo wﬁ) ([ a0 |mQ .

as A | 0. Since ¢ < oo implies the set of all g € L9((0, 00), X) such that g = 0 a.e.
on [b, 00) for some b > 0 is dense in L9((0, 00), X), it follows from the uniform
boundedness of {Fy; A > 0} that Fx(f) — 0as A | 0 for all f € LI((0,00), X).
This proves the equality limx o AP [ k(L) f(t)dt = 0.

We can interchange the roles of h € LP[0,00) and f € L9((0,00), X). Then a
similar argument shows that

lim AY/P /OO h(At) f(t)dt = lim p/971 /OO h(t/p)f(t)dt

A—00 0 ©nlo 0
= hmul/q/ h(t)f(ut)dt = 0.
©lo 0

(ii) follows by applying (i) to functions
hi(t)=e 771 and ho(t) = xu(t),

which belong to LP[0,00) when p(y —1) > —1, or v > 1/q. |

4. Generalized Tauberian theorems for positive functions and se-
quences in Banach lattices

We first prove the following lemma which will be needed in the proof of our
generalized Tauberian theorem (Proposition 4.2) for positive functions.
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LEMMA 4.1: Let €2 be a nonempty Lebesgue measurable subset of a Euclidean
space R", B(Q)) be the o-field of all Lebesgue measurable sets in €2, and m be
Lebesgue measure on R". Let X be a Banach lattice and let W be a Banach sub-
lattice of L>°(2) which contains all constant functions. Suppose F': W — X is
a positive linear operator. Let {F,} be a net of positive linear operators from
W to X such that

(4.1) lim Fy (9) = F(9),

for all g in a subspace D of W which contains all constant functions. If a
function f € W has the property that there are two bounded sequences {g, }°2 ;
and {h,}22, in the closure D of D such that

(4.2) gn /[ and h, \, [ a.e. [m]
and
(4.3) F(hn —gn) \\ 0,

then lim, F,(f) = F(f).

Proof:  Since each F,, is positive, ||Fy|| = ||Fa(1)||. Since 1 € D, by assumption
we have lim,, F,,(1) = F'(1), which implies that the operators F, are uniformly
bounded. This fact implies that (4.1) holds for all g in D. For the assumed
function f € W, we have that g, / f, hn, \, f a.e. [m] and F(h, — g) \\ 0.
Since for every n =1,2,... and for every «

Fo(gn) < Fo(f) < Fa(hn),
we have
Folgn) = F(hn) < Falgn) — F(f) < Fa(f) = F(f) < Fa(ha) = F(f)
< Fo(hn) — F(gn)-

Therefore we have [|[Fu(f) — F(f)I| < [[Fa(gn) — F(hn)[l + |Fa(hn) — F(gn)ll,
so that

limsup | Fo(f) = F(f)]

< limsup [[Fua(gn) — F(hn)|| + limsup || Fu(hn) — F(gn)]|
<N E(gn = ha)ll + [1F (i = gn) |l

—04+0asn— occ.

This shows that lim, F(f) = F(f). |
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Remarks: We consider the following two special cases of F' in Lemma 4.1,
which will be used in the proof of Proposition 4.2.

(a) Suppose W := L*°(Q2) and F : W — X is a positive operator defined by
the following formula:

F(g) := / gdp -z for g € L>(Q),
Q

where z € X is a positive element and p is an m-continuous finite measure
on B(£). If (4.2) holds, then {hy, — gn} is a decreasing sequence of positive
elements in L () such that h,,—g, \, 0 a.e. [m], then, since u is m-continuous,
hn — gn \, 0 a.e. [u]. By Lebesgue’s dominated convergence theorem, we have
F(hy, — gn) \\ 0. Hence for this F' (4.2) always implies (4.3).

(b) Suppose = [0,1], U := (e71,1], W := the Banach lattice consisting
of all those elements g € L*°(2) which are continuous on U. If we define
F(g) := g(1)z for g € W, where z € X is a positive element, it is clear that
(4.2) implies (4.3).

Using Lemma 4.1 and the above remark, we prove two Tauberian theorems
(Propositions 4.2 and 4.4) which, like Proposition 3.4 and 3.6, give the con-
verse of Proposition 2.4 and of Proposition 2.3, respectively. For scalar-valued
functions and the case that v is the ordinary Lebesgue measure m, they are
well-known for the case v > 0. This can be found in Widder [18, p. 203 and
p. 209].

ProrosiTIiON 4.2: Let X be a Banach lattice and let v be an m-continuous
measure on B[0,00). Let x: [0,00) — X be a strongly measurable positive X -
valued function on [0,00) such that [;~ e *a(t)v(dt) exists for small A > 0
(resp. for sufficiently large \). For vy > 0, if

1/\1?01)\7/ e Ma(t)v(dt) (resp. /\lim )\7/ e_’\tx(t)u(dt)) =z € X exists,
0 - Jo

then

tlglolo t7 /Ot x(s)v(ds) = ﬁ( resp. 1tiir(rjlt_v /Ot x(s)v(ds) = ﬁ)

Proof: We show only the case that A | 0; the proof for the case A — oo

At is a home-

is similar. Let A > 0. First notice that since the function e~
omorphism from [0,00] to [0,1], we may identify L*°([0,1]) with the space

L>([0,0c]) by the mapping L>°([0,1]) > g(-) — g(e™*) € L>(]0,00]). Since
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0 < le Mgle™™)z(t)| < ||glloce™*z(t) a.e. [v], the assumption on z implies that
the linear operator Fy: L°°([0,1]) — X, defined by

Fe) =X [T e gl patads) for g € L=(0.1)),

is well-defined and is a positive linear operator such that ||[Fx(¢)|| < [|g]lco -
[[1EA(1)]] for all g € L*°(]0,1]). Thus Fx(1) — z and ||Ea|| < [|Fax(D)|| — ||z]] as
A | 0. Therefore, we may assume that the operators F are uniformly bounded.
On the other hand, we have for every n =0,1,2,...

INGREPY /000 e (e )z (s)v(ds)
(4.4) =\ - e A () u(ds
v [ (s)v(ds)

= (n =+ 1)_7F(7L+1)/\(1).

First, we assume v > 0. Let p be the m-continuous probability measure on
B[0,1] defined by p(A) := ﬁfooo e 5xa(e *)s7 tm(ds) for all A € B|0,1],
and define the positive linear operator F : L>°([0,1]) — X by

1

Fg) = / ottt 2 = 5 / T emge)s " mids) = (g € L2(0,1])).

By Remark (a) after Lemma 4.1, we have that (4.2) implies (4.3). Since for all
n=20,1,2,...

F\(t") = ﬁ /000 e %(e*)"s" " tm(ds)  Flnga(1)
1 > —Ss(,—S8\n 'yflm s) -z = ) as
Hm/o e (™)  im(ds) - 2 = F(t") as A | 0,

we have limy|o Fi\(p) = F(p) for all polynomials p € L>([0, 1]).
Next, consider the case v = 0. It follows from (4.4) that F)(t") — z for all
n=20,1,2,.... Hence
lim F =p(1
Jim F(p) = p(1)2,

for all polynomials p € L°([0, 1]). Thus if we define F(g) := g(1)z forallg € W,
where W is the Banach lattice consisting of all elements g € L>°(€2) which are
continuous on (e~!, 1], then Remark (b) of Lemma 4.1 asserts that (4.2) implies
(4.3).

We have verified that

g?&F)\(g) = F(g)
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for all g € D := {all polynomials on [0,1]}. Since D is dense in C[0,1], and

since the function
0 for0<t<el;
t) := - ’
1) {t‘l fore ! <t<1

can be approximated a.e. [m] on [0, 1] and pointwise on (e~!,1] by increasing
and decreasing sequences of continuous functions, it follows from Lemma 4.1
that

1 e~ s —5 y—1 X r
Q%Fmﬁqu) {Ewk fe=*)s7"tm(ds) -z fory >0
1

fory=20
{ el fo s77tm(ds) -z for vy >0
fory=0
B z
(y+1)
Since
(D =X [ e g alsmds)
0
(4.5) " .
= )\7/ z(s)v(ds) = t*V/ x(s)v(ds)
0 0
with ¢ = 1/, the proof is complete. ]

Remarks: (i) The assertion of Proposition 4.2 for the case v = 0 is also seen by
the following straightforward argument. By assumption, given an ¢ > 0, there
exists § = d(e) > 0 such that if 0 < A < § then || [~ e *z(s)v(ds) — z|| < e
Next there exists a sufficiently large G(§) > 0 such that

H /0 05 (s)ulds) — =

<e forallt > G(9).

Since
we have

/ “atsputas) < [ aloivtas) < =
e / z— /Ot e %%z (s)v(ds)|| < e
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for all t > G(§). This shows that lim;_ fot x(s)v(ds) = z.

(i) If limao A7 fy° e Ma(t)v(dt) = = exists for some y < 0, then one must
have z = 0 a.e. [v]. To see this let F) be the positive operator as defined above.
Then Fy(1) — z € X4 as A | 0. By (4.4) we have

0<(n+1)72z= li%(n + 1) Flaga(1) = 1/\1?01F,\(tn) < g?gF,\(l) =z,

for alln > 1. Since v < 0, we must have that z = 0, so that ||Fy| < ||Fx(1)|| — 0
as A | 0 and hence, by (4.5), lim;_,o t 77 fot x(s)v(ds) = 0. Since z(+) is a positive
X-valued function, for any tg > 0 we have

Htv/otox(s)y(ds) < Hw /Otz(s)z/(ds) -0

as t — oo. Since v < 0, this implies fot x(s)v(ds) = 0 for all ¢ > 0. Tt follows
from [5, Corollary 2.2.7] that z(¢) = 0 a.e. [V].

Combining Proposition 4.2 and Proposition 2.4 we get the next corollary.

COROLLARY 4.3: Let X be a Banach lattice and let x: [0,00) — X be a strongly
measurable positive X -valued function on [0, 00) such that [} e~ z(t)dt exists
for small A > 0. Let v > 0. Then

lim )\7/ e Mr(t)dt = 2
Ao,

exists if and only if
z

t
lim ¢t ds = ———.
Jim 177 [t = 7

From Corollary 4.3, we can deduce its discrete analog as follows.

PROPOSITION 4.4: Let X be a Banach lattice, and {z,}2, be a positive
X-valued sequence. Let v > 0. Then

oo
=1 —7r)7 "
z Tl%lll(l T) Z r',
n=0
exists if and only if
n—1

z
lim n=7 Tp = ————.

Proof: The “if” part is contained in Proposition 2.3. We now prove the “only
if” part.
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Since lim,11(—In7)/(1 —r) = 1, we see, by letting A = —Inr, that

z = lim \”Y e M,
A0
n=0

Define z(t) = xp for t > 0, where [t] is the largest integer less than or equal to
t. Then, by Corollary 4.3, it suffices to show that

1im)\7/ e Ma(t)dt = 2.
0

210

To see this we notice that

0 0 0 1
/ e—/\tx(t)dt _ Z e—/\nxn — Z (/ (e—/\t )dt) —An,. .
0 =0 0

n=0
— Zn()\)e—/\nxm
n=0
where n(\) := fol(e’/\t —1)dt = (1 —e*) — 1. Since n(A) 10 as A | 0, it

follows that
)\7/ e Mr(t)dt = N7 Z e M, + N (/ e Ma(t)dt — Z e_’\”xn)
0 0 n=0

[ n mze M

as A | 0. This completes the proof. |

5. Applications to semigroups with Cesaro means of growth order «

The Cesaro means of a bounded linear operator 7' and a locally integrable
operator semigroup {T'(t);t > 0} on X are the operators

n—1 t
1
Cn(T) = - ZT'“, n>1 and C;:= tl/o T(s)ds, t >0,

k=0
respectively. The respective Abel means A, (T),0 < r < 1, and Ay, A > 0, of T
and {T'(t);t > 0} are defined as the following.
For 0 < r < 1 we define A, (T)x = (1 —r) >~ r"T"x for x € D(A.(T)),
where D(A,(T)) is the set of all z € X for which the series converges. For A > 0
we define

¢
Az = lim )\/ e MT(s)xds for x € D(Ay),
0

t—o0o
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where D(A,) is the set of all z € X for which the limit exists.
We first formulate the following convergence theorem.

PROPOSITION 5.1: Let T be a bounded linear operator (resp. T'(-) be a locally
integrable operator semigroup), and let x € X.
(i) For a > —1, if the limit
Yp = lim n”™Cp(T)x (resp. = tlim t~Cix)

n—oo
exists, then

(03

(1=r)

1,}?11 mAT(T):r (resp. lﬂn

; mm) = Yo

(ii) For a = —1, if the limit y, = Y .>°  T"x (resp. = [, T(s)wds) exists,
thenlimyq1 > oo o 7" T (resp. limyo [y~ e **T(s)ads) = y,; if the latter
limit exists, then (I — T)y, = x (resp. (I — T(u))ys = [, T(s)xds for all
u>0).

(iii) For =2 < a < —1, limy oo n™ *Cp(T)z (resp. limy_,oo t~*Cix) exists if
and only if lim,q1 %A,.(T)x (resp. limy o 1“(3—(—7-2)14’\3”) exists, if and
only if x = 0 (resp. T(-)x = 0). Hence &;—?;;AT(T) and {n=*Cp(T)}

o

(resp. WA’\ and t—“C}) do not converge strongly.

(iv) For0 < 8 < 2, if
[Cu(T)z = 2o|| = 0o(n™") (resp. [|Cix — 2| = o(t ™) (t — o0)),
then also

AT ) — zal| = o((1 = )7)(r T 1)(zesp. [[Axa — zo|| = o(A)(A | 0)).

Proof: From Propositions 2.3 and 2.4, and Corollary 2.5 (with v = a+1) follow
(i), the first part of (ii), the first “only if” part of (iii), and (iv). It remains to
show the rest parts of (ii) and (iii).

Suppose y, = lim,q; %AT(T):E exists. Let R, = ZZO:O r™T"™. Then since
(1-7)*A.(T) = (1 — r)®T R,., we have
. Sy, fa=-1;
lﬁﬁlR’“z*{o if 2<a<-—1’

so that

_ _ Yo — TYy ifa=-1,
v =Rex TTRTxH{OfTO:O if—2<a<-1

asr T 1.
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Similarly, we have

oo

. s if o« = —1;
1 /\sT ds = {yz 1 ) .
i [ T eds = 0" o 0 e

Then, for all u > 0, by letting Ryz = [ e **T(s)xds we have

/ T(s)xds = lim/ e MT(s)xds = lim[Ryx — e T (u) Ryx]
0 A0 Jo Alo

Yo — T(uw)y,  if a=—1;
0—T(w)0=0 if 2<a<-1.

For the case —2 < aw < —1, this implies T'(-)x = 0 (which is equivalent to z = 0
in case the semigroup is nondegenerate). |

Remarks: (i) The above shows that for a semigroup 7T'(-), if —1 < v < 0 then
the existence of lim;_,oo 77 fg T(s)xds = 0 implies T'()z = 0. As is shown in
Example 3, this assertion does not hold if T'(+)z is replaced by a general function

(i) It can be shown that assertion (iv) of Proposition 5.1 still holds if we
replace the small o’s by big O’s. Moreover, when T is power bounded (resp.
T(-) = e is a uniformly bounded Cy-semigroup), by a different method the
mean ergodic theorem with rates (cf. [1], [17, p. 293]) shows that for all z €

N(T—-1)®& R(T —1I) (resp. N(A)® R(A)) and 0 < 5 < 1

|Ch(T)x — Pz|| = O(n*ﬂ)(resp. o(n*ﬁ))
& [ A(T)x — Pz|| = O((1 = r)?)(vesp. o((1 = 7)7))(r 1 1)
and
|Crx — Pzl = O(t™?)(vesp. o(t™"))(t — o)
& || Axz — Pz|| = O(N)(resp. o(A?))(X | 0),

where P is the projection onto N(A) along R(A).

From Propositions 3.4 and 3.6 (taking v = o + 1) and Proposition 5.1 we de-
duce the following generalized Tauberian theorem for semigroups whose Cesaro
means are of growth order a.

PROPOSITION 5.2: Let T be a linear operator (resp. T(-) be a locally integrable
operator semigroup) on X. Then
(i) For a > —2, suppose

|Cn(T)z|| = O(n®) (resp. || Cra|| = O(t)(t — o0))
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and {n=*Cy(T)x} (resp. t~*Cyx) is feebly oscillating, then

Yg = nlgl;o n~*Cp(T)x (resp. tlirgo t~*Ciads)
exists if and only if lim,1; %AT (T)x (resp. limy o 1“(2—6-:-2)’4/\35) = Yz
In case —2 < a < —1, these conditions are also equivalent to that x = 0.

(ii) For o > —1, suppose ||Cn(T)]| = O(n®) (resp. ||Ct]| = O@t*)(t — o))
and {n=*C,(T)} (resp. t~*C}) is strongly feebly oscillating, then P :=
limy, 0o n~*Cp(T) (resp. limy_,oo t~“Cids) exists in the strong operator
topology if and only if lim,1 §(a+)2)A (T) (resp limx o a+2) Ay) =
in the strong operator topology. In case a = —1, the existence of the
operator P implies that I — T is invertible and P = (I — T)~! (resp.
(I —T(u)P = [, T(s)ds for all u > 0).

(iii) For o > —1, suppose HCn( )| = O(n®) (resp. ||Ct]| = O@t*)(t — o))
and {n=“C,(T)} (resp. t—*C}) is uniformly feebly oscillating, then P :=
limy, 0o 0™ *Cr(T) (resp. limy_, o t~*Cids) exists in operator norm if and
only if lim,q1 %AT (T) (resp. limy o 1“(;\4—12)‘4/\) = P in operator norm.

In particular, the assertions hold when o > —1 and | T"|| = O(n®) (resp.

IT@) = O@*)(t = o0)).

Remarks: (i) Proposition 5.2 still holds if the semigroup {7} (resp. T(-))
is replaced by any sequence {T,} (resp. function) of operators and C,(T') is
replaced by n! ZZ;OI T).. So do Propositions 5.1 and 6.1.

(ii) As shown in the proof of Proposition 3.4, the condition || T"] = O(n®)
(resp. ||T(t)]| = O(t*)(t — o0)) implies that {n=*C,(T)} (resp. t~*C%) is
bounded and strongly feebly oscillating. For the case o = 0, this means that
power boundedness of T' is a sufficient condition for {C,,(T)} (resp. C;) to be
bounded and strongly feebly oscillating, and for (i) and (ii) to hold for a = 0,
by Proposition 5.2. But it is not a necessary condition. Indeed, although every
Cesaro-mean-ergodic positive matrix on a finite-dimensional space is necessarily
power bounded (cf. [14, Chap. 1, Sec. 3|, [2, p. 449]), there is an example of
Cesaro-mean-ergodic operator on a Hilbert space such that |77 /n| does not
converge to 0 [2, p. 451]. See Remark (ii) after Proposition 6.2 for an exam-
ple of mean ergodic positive operator which is not power bounded but satisfies
IT™/n|| — 0. Such operators are not power bounded though {C,(T)}, as a
strongly convergent sequence, is bounded and strongly feebly oscillating.

Proposition 5.2 is concerned with general asymptotic behavior of Cesaro
means and Abel means of semigroups whose Cesaro means are of growth or-
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der O(t%) for @ > —1. In the following, we discuss particular properties for the
three cases: —1 < a<0; a=0; o> 0.

PROPOSITION 5.3: Assume that —1 < « < 0. Then the following hold:
(a) If y, = limy, 0o n™ *Cp(T)z, then Ty, = ya.
(b) If Tx = (3 0), then lim,_,oo n™%||Cy(T)z|| = co. Thus
lim n=“Cy(T)

n—oo

does not exist in the strong operator topology if ker(T — I) # {0}.
(¢) If | T"z|| = O(logn), then

lim n=*C,(T)(x — Tx) = lim n~ "%z — T"z) = 0.

n—oo n—oo

(d) Iflimy, o |T™x| = 0, then for every [ > 1 we have

lim n'Cp(T)(x —T'2) =x + Ta +---+ T 'a.

n—oo

Proof: (a) Since lim,,_,o n'T® = oo, we have

o —a k
Tyxfnh_{r;on Cn(T )Tacfnlingo n1+a(kZT x — )
=0
. ﬂﬁ%l 14+« —a
= nh—>n<>lo ( - ) n+1)"Cps1(T)x = Yz
Thus, if ker(T' — I) = {0}, then y, = 0.
(b) We have n=%||Cp,(T)z|| = [[n x|, and lim,_, ||[n~%z| = o0, since
||| > O.
(d) Since

n'Co(T)(x — T'a)

i achl

k=0
=(x+Tec+ - +T2) - (Tre+ T e+ T 1),

the assertion follows from the assumption.
The next is an example for the case —1 < a. |

Example 4: Let m > 1 be an integer and N be a nilpotent operator on X with
Nm+L =0 N™ £ 0. Let a > —1 and define T := N. Then we have

m

> T

k=0

—a—l

[n=Cu(T)| =
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for all n > m+ 1,

lim n=*Cy(T) =

n—oo

o T+ for a = —1;
0 for a > —1,
and

m

: o — 1 _ \a+l kpk _ 1; _ \a+l kk
lim(1 —r)*A.(T) lmll(l r) Zr T 171%1(1 r) Z?‘ T

i o1 k=0 k=0
_ Y, TR for a=—1;
0 for o« > —1.

This justifies Proposition 5.2 for every a > —1.
We now formulate the following mean ergodic theorem for Cesaro bounded
semigroups, as an illustration of application of Proposition 5.2 for the case a = 0,

PROPOSITION 5.4: Let T be a linear operator (resp. T(-) = e be a Co-
semigroup of operators) on X.

(i) If{C,(T)} (resp. Ct) is bounded, then the operator P,, defined by P,z :=
lim,11 A (T)x (resp. limy o Arx), Is a projection with range R(P,) =
N(T — I) (resp. N(A)), null space N(P,) = R(T — I)(resp. R(A)) and
domain

D(P,)=N(T—I)®R(T — 1)
={ze X;3{rn} T 15t w- llm A, (T)x exists}

(resp. = N(A) ® R(A) ={z € X;3{\.} | 0 s.t. w- lim Ay x exists}).

(i) If {Cn(T)} (resp. Cy) is bounded and strongly feebly oscillating, the fol-
lowing statements hold:

(a) limy— oo Cpn(T)x (resp. limy_,oo Cyx) exists if and only if
1,}?11 A (T)x (resp. lﬂg Axx)

exists, and they are equal. Thus T (resp. T(-)) is Cesaro-mean-
ergodic if and only if it is Abel-mean-ergodic.
(b) The operator P., defined by

P.x := lim C,(T)x (resp. tlim Ciz),

n—oo
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coincides with P,. Moreover, we have
D(P.)={x€X;3ye N(T —1I) and {z,} C co{T"z;n > 0}
5.t. w- nlLIr;O Tn =y}
(resp. ={x € X;3y € N(A) and {z,} C co{T'(t)x;t > 0}
s.t. W—nli_{lgo T = Y}).

(¢) If X is reflexive, then T (resp. T(-)) is Cesaro-mean-ergodic and
Abel-mean-ergodic.

Proof: (i) The boundedness of {C,,(T")} (resp. {Cy;t > 0}) implies the bound-
edness of {A4,(T);0 < r <1} (resp. {Ax; A > 0}) [10, Proposition 3.1]. Since
1—

ANT) = (1—1)(1 —rT) ! = 7’(

r

1—r
r

—@-n)"

and
(T~ A1) = L a,m) - 17

I1—-0
r

as v T 1, (i) follows from the mean ergodic theorem for resolvent (cf. [19,
pp. 217-218]) or from the abstract ergodic theorem (Theorem 1.1 in [15]).

(a) of (ii) follows from Proposition 5.2. (b) follows from (i), (a), and the fact
that
r=y+(x—y)=y—w- lim (x,—2) e N(T-I)®R(T —I) = D(P,) = D(P,).

n—oo

Finally, since {A,(T)z;0 < r < 1} (resp. {Axz; A > 0}) is bounded for all
x € X and X is reflexive, (c) follows from (i) and (a). |

Study on asymptotic behavior of unbounded semigroups, i.e., for the case
a > 0, can be found in [9]. The next is an example for the case o > 0.

Example 5: Let « = m > 1 and define the operator T = I + N and the
uniformly continuous Cop-semigroup T(t) := eV = Y7" %N k for t > 0, where
N is the nilpotent operator in Example 4.

We have

m m

n n!
Tn: (I—FN)NZZ (k)Nk :kz_om]\fka

k=0

and thus

n-eT" :n_aszk — —N® asn — oo.
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Hence it follows that ||T"] = O(n®). On the other hand, since

I 8 1| KR

n=0 k=0
=(1 —T)Zrk(l—r)_k_l]\fk,
k=0
we have
(1—7‘)aA7-( —TaNa+Z — a ka—>Na a,srTL

in operator norm. By using the above Proposition 5.2 (iii) we find that

o No e
A n () = 50Ty T a1

in operator norm.
Also, from the above definition of T'(-) we see that | T(¢)|| = O@t*)(t — o0)
and wg < 0, and

)\a+1/ fx\tZkﬂdet Z)\a ENE — N™ as A |0,

in operator norm. Thus by the above Proposition 5.2 (iii) we find that

N N©
a+2) (a+1)

lim t_aC’t =
t—o0

in operator norm.

Remark: If we choose the above operator N to be a nilpotent positive operator
on a Banach lattice, then the above two examples also serve as illustrating
examples of Proposition 6.1 for cases o > —1 and a > 0, respectively.

The next example shows that the assumption of being feebly oscillating is
essential in Proposition 5.2(1).

Example 6: Let T = —I + N with N a nilpotent operator such that N3 = 0,
N? # 0 and such that || N| < 1. It is known (see the proofs of Propositions 2.3
and 2.8 in [10]) that

IGO0 vae oy, @ 17710
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for all @ € [1,2),
lim inf |~ Cy(T)z|| > —||I TNz

for all z € X, and ||A-(T)|| < 1 —r for all 0 < r < 1. It follows that
(1=rA-(T)| <1 —=7)?>—=0asr 1 1but {n 'C,(T)z} does not converge to
0 as n — oo if N2x # 0. Since ||C,(T)|| = O(n), by (i) of Proposition 5.2 one
can assert that {n=1C,,(T)x} is not feebly oscillating. We check this directly in
the following.

Since T is clearly invertible, one can write

nrCL(T)=n"2(I =T) ' n(I = T)Cp(T)] =n"2(I -T) (I -T")

21— T)l{I - kz: (Z) (—1)”ka}
= (-1 gl - (-1 +

1 n—1
~(=1)"N = (-1)" "= N2
()N = ()
Since Z-LN?z — NZ2z/2 # 0 and (—1)" is oscillating as n — oo, clearly
{n=1C,(T)x} is not feebly oscillating when N2z # 0.

Since this T is not a positive operator, this example also shows that without
the assumption of positivity on T" the conclusion of Proposition 6.1 below may

fail.

6. Applications to semigroups of positive operators

From Corollary 4.3 and Proposition 4.4 (taking v = « 4+ 1) we deduce the
following generalized Tauberian theorem for semigroups of positive operators.

PROPOSITION 6.1: Let T be a positive operator (resp. T(-) be a locally inte-
grable semigroup of positive operators) on a Banach lattice. For a > —1, the
following hold.
(i) For positive element © € X,
Yo = nlgi;o n~“Cn(T)x (resp. = tlirgo t~“Ciads)
exists if and only if lim,1; %A,.(T)x (resp. limy o 1“(;\4—3:2)14/\30) = Yg-
(i) P :=limp oo n”“Cp(T) (resp. limy_,oo t~*Cids) exists in the strong oper-
ator topology if and only if lim, ¢, %AT (T') (resp. limyo T a+2) Ay) =
P in the strong operator topology.
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(iil) P :=lim, o n‘aC’n( ) (resp. limy_ oo ﬁ_aCtds) exists in operator norm
—r)”

if and only iflim,.“ T(at2

)A (T') (resp. limyo F(a+2) Ay) = P in operator

norim.

In the following we present some applications of Proposition 6.1. First, using
Proposition 6.1 (with @ = 0), we can prove the following mean ergodic theorem
(cf. [6, Theorems 4.2 and 4.10] about (iii)) for semigroups of positive operators
on Banach lattices.

PROPOSITION 6.2: Let T be a positive operator (resp. T(-) = e be a Cp-
semigroup of positive operators) on a Banach lattice X.

(i) For positive element x € X, lim,,_,oc Cp(T)z (resp. lim;_, Cix) exists if
and only if limq11 A (T)x (resp. limy o Axz) exists, and they are equal.
Thus T (resp. T(+)) is Cesaro-mean-ergodic if and only if T (resp. T'(+)) is
Abel-mean-ergodic.

(ii) If T (resp. T(-)) is Abel-mean-bounded, then the operator P, defined by

n—oo

Pz := lim C,(T)x = 11{111 Ar(T)x (resp. := tlim Cix = 1/\1{1& Axz),

is a linear projection with range R(P) = N(T—1I) (resp. N(A)), null space
N(P) = R(T — I)(resp. R(A)) and domain

D(P)=N(T —I)®& R(T — 1)
={re X;3{r,} 115t w- nlLIr;O A, (T)x exists}
={re X;3ye N(T'—1I) and
{nK} — oo s.t. w- lim Cr, (Tz =y}

(resp. = N(A) @ R(A) = {z € X;3{\,} | 0 s.t. w- hm Ay, T exists}
={z e X;3y € N(A) and {t,} — 00 s.t. w- lim Cy = y}).

(iii) In the case that X is reflexive, the following conditions are equivalent:
(a) T (resp. T(-)) is Abel-mean-bounded;
(b) T (resp. T(-)) is Cesaro-mean-bounded;
(¢) T (resp. T(-)) is Abel-mean-ergodic;
(d) T (resp. T(-)) is Cesaro-mean-ergodic.
Proof: (i) follows from Proposition 6.1. By the same argument in the proof
of (i) of Proposition 5.4, (ii) follows from (i) and the mean ergodic theorem for
resolvent (cf. [19, p. 217-218)).
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(iii) ((d) = (b)) is obvious, and ((b) = (a)) is well known to be true in any
Banach space (cf. [20], [10, Propositions 2.1]). ((c) < (d)) is contained in (i).
Finally, ((a) = (c)) follows from (ii) and the reflexivity of X.

The proof is complete. |

Remarks: (i) The assertion (iii) of Proposition 6.2 holds in particular when X is
a Lebesgue space LP(u), 1 < p < co. If i is a finite measure, and if {T";n > 1}
(resp. T'(-)) is a discrete semigroup (resp. a locally integrable semigroup) of
positive operators on L*(u) as well as on L> (1) such that
S sup{[|A-(T) fll /Il f 1l f € LY(p)} <oo and
<r<
OiulzlSUP{HAT(T)flloo/llflloo;f € L=(pn)} < o0

(resp. sup sup{[[Axflli/IIflls; f € L'(n)} < oo and
sup sup{[|Axflloo/ll fllocs f € L™ (1)} < 00),
0<A<L1

then T (resp. T'(-)) is Abel-mean-ergodic on L' (u) (cf. [16, Lemma 3]), and hence
also Cesaro-mean-ergodic on L!(u), by Proposition 6.1. Moreover, since now
T (vesp. T'(+)) is Cesaro-mean-bounded on L'(u) and on L>(u), in addition to
the Ll-norm convergence, lim,, o, Cp,(T)f (resp. lim;_ o C;f) exists p-almost
everywhere for all f € L>(u)(C L*(u)) (cf. [12]), although the f € L>°(u) here
cannot be replaced by f € L'(u) (cf. [3]).

(ii) In [3] there is an example of positive operator T on LP (1 < p < o0)
such that sup{||n=" 310 T*|l;n > 1} < 3, sup{[|T"|;n > 1} = oo (see [3],
[6, p. 14]), and |T"/n|| — 0 (cf. [2, p. 449]). By (iii) of Proposition 6.2, for
1 < p < oo, such T is an example of mean ergodic positive operator which is
not power bounded.

(iii) Since

n+1 _t+s

™ /n = = —

s
Cosr(T) = Co(T)  (resp. t=2T(t) /O T(u)du Cros—C0),
it can be deduced from Proposition 6.2 that any Abel-mean-bounded positive
operator T (resp. positive semigroup 7'(-)) on a reflexive Banach lattice satisfies
the property that 7" /n — 0 strongly (resp. ¢ *T'(t) [ T'(u)du — 0 strongly as
t — oo for all s > 0, which is equivalent to T'(t)/t — 0 strongly as t — oo in the
case that 7'(+) is norm-continuous on [0, 00)). The same property is satisfied by
T and T'(-) on L(p) if they satisfy the condition as described in Remark (i).
However, a nonpositive Cesaro-mean-bounded semigroup on a finite dimensional
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space may not satisfy the property that T™/n — 0 strongly (resp. T'(¢)/t — 0
strongly as t — o), and hence may not be Cesaro-mean-ergodic. See Corollary
2.4(i) of [10] or [6, p. 10].

(iv) ((a) = (b)) (resp. ((c¢) = (d))) also holds for positive operators (resp.
operator functions) on any (not necessarily reflexive) Banach lattice (see [6]).

As remarked previously, Examples 4 and 5 (with N therein being positive)
also explain Proposition 6.1 for the case a > —1 and a > 0. The next is also
an example of application of Proposition 6.1 for the case o > 0.

Example 7: Let o > 1 be an integer. For i > 1, let X; = L'((i — 1,i]),
and N;: X; — X, be a positive nilpotent contraction operator with Nf“ =0,
N} # 0. Define an operator T;: X; — X; by T; = I + N;. Then define operators
N,T: L'((0,00)) — L'((0,00)) by

Nf=> Nifi and Tf=> Tf;
i=1 i=1
where f; := f - X(i—1,q € X; for i > 1. Then N is a positive contraction on
the Banach lattice X := L'((0,0)), and T'= I + N is a positive operator with
norm || T < 2.
For f € D(A,) we have (cf. Example 5)

Ar(T) flii—1,g = (1 —=1) Zrk(l —r) " INF £

k=0
Thus

(1 =7)* A (T) flii—1, = 1 = )t irk(l - T)_k_lNikfu
k=0

where we see that

(i) if i = a, then (1 —7)*+t1 S0 7K (1 — ) *INFfi — NOfo asr 11,

(i) if i < o, then (1 — )@t S0 _ ¥ (1 — ) FINFf; - 0= N&fiasr 11,

(iii) if i > a, then (1—7)*t1 S rk(1 =) K" INKf; — N f; asr 1 1if and
only if N*t!f, = 0.

It follows that the limit lim,11(1 — r)*A,(T)f exists if and only if for each
i > 1 the function f; = f|;_1 satisfies Nf‘“fi =0, ie, N°t'f = 0; and in
this case we have

11%111(1 —r)YA.(T)f = N*f.

Then, by Proposition 6.1(i)
1 Nof

nlgi;o n"“Cn(T)f = mNaf - (a+1)
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To consider the continuous case, let T'(t) := e'N = >"7° (tk /kl)N* for ¢ > 0,
where N is the one defined in the last paragraph. Thus {T'(¢)} is a Cp-semigroup
of positive operators on the Banach lattice X with generator V.

For A > 0 and f € D(Ay), writing f = >~ fi with f; € X, for all i > 1, we
have

oo B i tk i B
Axfli—1,0 = )\/o e MY HNikfidt =Y NENF
k=0 k=0

where we see that

(i) if i = a, then limy o A* Y5 _o A*NF fi = N2 fa,

(ii) if # < @, then limy o A* Y p_o A FNEfi = 0= N2 f;,

(iii) if ¢ > «, then limy o A® Z;:O A"ENEf, = No f; if and only if Niaﬂfi =0.

Thus, as in the discrete case, we see that the limit limy|g A* A, f exists if and
only if N®T!1f = 0; and in this case we have limyjo A*A5f = Nf, then, by
Proposition 6.1(1)

Ny Nef

tli}Ith Cof = Ia+2) - (a+ 1)

In order to get a brief view of the behaviour of the sequence {n=*C, (T)z}
with —1 < a < 0, we give the following examples.

Example 8: Let 0 < # < 1, and let p be the measure on N = {1,2,...}
defined by pu({n}) = n=%, n > 1. Define T: L*(u) — L'(u) by T'f(1) = 0 and
Tf(n)= f(n—1) for n > 2. Thus, T is a positive linear operator on L!(u). If
7 > 1, then put

n—1 Jtn—1
Sn(j) = ZTkX{j} ‘ - HX{jij""la---aj""n_l}Hl = Z e
k=0 ! k=j

It follows that S, (j) <n-j77, and that

jHn—1h s

Jj+n—1 (
Su() <i "+ / t-8dt = 5 +
J

1-3 ’

and j+ 1-8 1-8

. e (j+n) =" —j'~

S, (5) > t=Bdt = .

() _/j -

Hence
; 1-8 _ 1-8 ; 1-8 _ -8

(6.1) (j+n) I sy <1+ (j+n) J
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and furthermore

(62) J ((1 + (n/j))l—ﬁ _ 1) S HX{]1J+1 ..... j+n71}H1 S n
1-p X3l

Here we use the elementary fact that

1-8 _ 1-8 _
D=1 45 (1>0) and HmOGFH "1

(6.3) t £10 t

1- 8.

By this, given 3 with 8 < 3 < 1, there exists 5(5) > 0sothat 0 <t < 5(5)
implies (1 +¢)'=# —1 > (1 — B)t. Then, by (6.2), 0 < n/j < 6(3) implies

3 n—1 g
1-p < 12 k=0 T"x I <n

6.4 n <
(6.4) =5 ol

PROPOSITION 6.3: The positive linear operator T as defined above on L' sat-
isfies the following properties:
(i) [T =1 for alln > 1;
(ii) limy,—oo |[T"f]]1 = O for all f € L', and (T — I)L*(p) is dense in L*(y);
(iii) The set M_y = {f € L' : limp—.0o Yo T* f exists} is a dense subspace
of L', and M, = {f € M_y; f >0} = {0}.
(iv) If -1 < a < =3, then

MY :={0< feL': lim n *C,(T)f exists} = {0},
and M_1 is a proper subset of the set
My ={feL': lim n *C,(T)f exists},

(v) If =3 < a < 0, then the set M is a dense subset of {f € L' : f > 0},
but M} #{feL': f>0}.

Proof: (i) Let x,, := mﬁx{m}. Since ||z |1 =1 and || Tz = (nTm)ﬁ —1
as m — oo, we have ||T"| =1 for all n > 1.
(ii) Since the definition of T implies that for every k& € N |[T"x |1 =

[X{ntktll1 = (n+k)=# — 0 as n — oo, it follows that
IPfl = | lim T"fly =0

for all f € L*(u). In particular, T"(T — I) — 0 strongly. Then it follows from
the mean ergodic theorem that L!(u) = N(P) = R(T — I).
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(iii) Since the functions f = (T'—1I)g are dense by (ii) and satisfy > p_, T f =
T"Hlg — g — —g as n — oo, also by (ii), we see that M_; is a dense subspace
of L'(u). Next, if 0 < f € L'(u) and f # 0, then f(j) > 0 for some j > 1 so
that lim, oo || Yopo 7 fll1 > limy—oo f(4)Snt1(j) = oo, by (6.1). Therefore
M* ={0}.

(iv) Let —1 < o« < —f. Tt follows from (6.1) that

n—1

k
> Thxp
k=0

and hence, by 0 < 14+ a <1 — 3, we have

SR N € ) bt b

. 1
In = CalT sy = I

. —a 1
limsup [[n™“Cpn(T)x (5311 > e

Since ker(T'— I) = {0}, it then follows from Proposition 5.3(a) that x;} & Ma.
This shows that

{0< felL'(p): nlgr;o n~*Cp(T) [ exists} = {0}.

We next prove that M_; is a proper subspace of M. To do this it suffices to
show the existence of a function f in M, with lim, . || > p_o T* f|l1 = oc.

Let k1 = 1, and I3 > k1 be the smallest integer satisfying

X (k1 ey 41,0 41 —13 11 > 1

Suppose k1 <1y < --- < kp_1 < l,_1 has been determined. Then there exists
kn, > l,_1 such that b > k,, implies

b—1
1 m —Nn
(65) i S T™(Xgray = Xquy) - F Xkary — X))} <277
m=0 1

Next we can take a sufficiently large integer d,, > ky,, with Ix¢a, 3l <277, so
that

(6.6) [m = Co(T)x1ay i < 27" for all m, with 1 < m < k,.
Let k, = d,,, and [,, > k,, be the smallest integer satisfying

(6.7) Xk ety b4 — 131 = 1.

Continuing this process we can determine two strictly increasing sequences {k, }
and {l,,} of positive integers, with k,, < [,, for all n > 1. Then the function

[ = Z(X{kn} = X{in})

n=1
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is in L'(p), and satisfies, by (6.5) and (6.6), and (6.7), that
lim [|m=*Cp(T)f[1 =0, and lim || > T"f|; = cc.
n=0

Thus f € Mo\ M_1.
(v) Let =0 < a < 0. Since (6.1) implies

o 1
Hn Cn(T)X{j}Hl < ita

. 1-8 _ :1-8
{1+ (J+n) J }
1-p
it follows from 0 < 1 — 3 < 1 4+ « that

L Gl ety
1-p
Thus x(;3 € MJ, where M} = {f € M, : f > 0}. This shows that MJ is a
dense subset of {f € L'(u) : f > 0}.
We lastly prove that MJ is a proper subset of {f € L'(u) : f > 0}. To do
this, we note by (6.4) that for each n > 1 there correspond two positive integers

$p, and tp,, with 0 < ¢, /s, < 0(f), so that

tn—1 ik =
"o T7xqs 1-
(6.8) 20 TGl 125, 0 guprva,
[Pyt 1-p
where the last inequality holds when ¢,, is chosen so largely that the inequal-

ity (1 —0) > (1 — 3)2"t% is true. Here we may assume that {s,} and {¢,}
are strictly increasing sequences. Let w, be a positive real number satisfying

lim
n—o00 n1+a

lwnX{s,3llt = 27™. Then the function

[ = Z WnX{s,}

n=1

is a positive function in L!(u), and satisfies, by (6.8), that
tn—1

Zﬂmmml
k=0 1

n—1
1250 T sut s
IXgsay I

Cu 1
I£2°Co (D |1 > s

1
> t}ja HwnX{sn} ||1

1

R B (- )}

Hence limsup,,_, . [|[n~*Cyn(T) f|l1 > 1, and this implies, by Proposition 5.3(a)
and the fact ker(T' — I') = {0}, that f & M,. The proof is complete. |
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Remark: The above proof of M} # {f € L*(u) : f > 0} could be replaced
by the following argument: By (ii), I — T is not invertible (but its range is
dense). Hence, by Theorem 2.17 and Proposition 2.1(iii) of Derriennic and Lin

[4], M, # L'(pn). Consequently, M; # {f € L*(u) : f > 0}. This argument
was communicated to the authors by the referee.

Example 9: For —1 < a <0 put 8 = —a, and let

di =1, and 17d27~~7dn:1/nﬂforn22.
Thus,
P 1 nf—(n—-1)~%
" =1f P {n(n—1)}0
and so
B-1 —1)8-1
69) B _pnit it p

nith T p2B (n—1)28  (n—1)1+8"
Define a measure p on N by pu({n}) = d,, for n € N. It follows that u(N) < occ.
Then define a positive linear operator 7' on L!(u1) by

Soher fR)u({k}) ifn =1,
0 if n =2,
f(n—1) if n > 3.

(6.10) Tf(n) =

PROPOSITION 6.4: Let —1 < a < 0. The positive linear operator T on L'
defined above satisfies the following properties:
i) |IT"] = n+1 and [|[n ' S720TF| = 272 (n + 1) for all n > 1, and
ker(T'—I) = {cxq1y : c € R};
(i) {0 < fe L :lim,_oon Cy(T)f exists} = {0};
(iii) the set M_1 = {f € L' : lim,, .o, n*C,,(T)f exists} is a dense subspace of
L'
(iv) If -1 < o < 0, then there exists f € L such that y¢ = lim,, ..o n=*Cy(T) f
exists and y¢ # 0.

Proof: (i) It is clear from the definition of 7" that ker(T' — 1) = {cx13 : ¢ € R}.

Next, we show that || 7" | = n+1 for all n > 1. Since k > 2 implies ||T"x(}[[1 =
p({kk+1,.. k+n}) =37 diyj, we have

1 n
T"|| > sup — diti -
17712 s 2
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Here we notice that 1 > dy+j/dg > dgtn/di for 0 < j < n, and that

=1.

, . A{k+n) —k+n-1P°}  {k(k-1)}"

lim dgyn/dp = 1 :

R - (T e A (i )
Hence ||T™]] > n + 1. On the other hand, it is clear by the definition of T that
1T™fll1 < (n+1)]|f|l1- Therefore, we conclude that |T™| = n+1. By a similar
argument, we see that

n—1 n
AN n—i—l):n—i—l_

Hence T is not mean ergodic.

(i) Let 0 < f € L'(u) and || f||1 > 0. Then lim, o ||Cr(T)f|j1 > 0 exists
(but it may be 00). In fact, by the definition of T we see that [|(T™ f)xw\ 13/l1 | O
as n T oo, and that {T"f(1)}22, is a positive increasing sequence, so that
lim,, 0o T™f(1) exists (but it may be co). By using these the existence of
limy, oo |Cn(T) fll1 € (0,00] follows. Hence lim,,_o ||[n~*Cp(T) f]]1 = oo for
all =1 < a < 0. Thus, for every a with —1 < a < 0,

{0< feL'(p): lim n “C,(T)f exists} = {0}.

(iii) Let N > 2, and put
(6.11) f=0—dy— - —dn_1)Xx{1} — X4n}-
Then 1
TFf()=1—dy— - —dnip1= 4(N+k’—1)6’

and thus

n—1 N+4n—2 1

k _

(6.12) TRy = ) TR

k=0 I=N—1
Next, let
(6.13) g=1—d2— —dg_1)XQ1} — X{K}>

where we assume that N < K. Then (6.12) implies

n—1 N+n 1 K+n—2 1
2 T —a) Z 5T
k=0 I=N— I=K—-1
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By this,
n—1 K-2 1
Jim n 'Cu(T)(f - 9) Jim ZTk f—9) ( Z )X{1} ZX{;}
Myl

in L'(p), i.e., f — g € M_;. Furthermore, by (6.11) and (6.13),

f=9=(N-1)xpn —xvy) — (K =D xpy — xqry)
o 1

where p({n}) = d, ~ 3/n'*? — 0 as n — oo, by (6.9). This shows that x{1}
can be approximated in L!(x) by the functions in M_; of the form of multiples
of f — g, where f and g are defined by (6.11) and (6.13), respectively. Hence
X{1} € M_,. Then, using the relation

xivy=—(f—9) +{(N - 1)~ — (K - 1)_ﬁ}X{1} + X{K}s

and letting K — oo, we see that x yy € M_; for all N > 2.

(iv) Suppose —1 < o < 0. Let e, := S "7 l},/fN'm "27Bdz. Since
0 < 8 =—a<1,itis easy to see that e,, — 1 as n — oo. It follows that the
function f defined in (6.11) satisfies

: —a _ k
i 0700 (1) F(0) = i Z el
e
Tl T s

Since
tim [ S 17l = (N, 0)) < o0,
n—oo N\{l}k 0
we get
N 1 .
ys = lim n”Cu(T)f = 7=pxqy (i L (w).

This completes the proof of Proposmon 6.4. |

Remarks: (i) On the other hand, if f = x,} for some n € N, then we have,
by p(N) =2 < oo, that

lim |77 f —p({n,n+1,...})xq3/li =0

m—00
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and so

m—1

. 1

lim HE Z ka —u({n,n+1,.. -})X{l}
k=0

m—00

-0
1

Therefore, My := {f € L'(u) : lim,, o Cp(T)f exists} is a dense subspace of

L'(u), and so is the set M, := {f € L' (u) : lim,, oo n=¢Cy,(T) f exists} for all

e > 0. (Notice that from (iii) it follows actually that this is true for all € > —1)
But, now, let 0 < ¢ < 1. Then

n—1
n*l*é E Tk
k=0

so that there exists a function f € L!(u), with f > 0 and ||f]|1 > 0, such that
limy, oo =i Soho T* f does not exist. Lastly, since |[n=2 35— TF|| = “tln <

=n"(n+1)27' w00 (n— o),

1, we see from the above-mentioned result that lim, o [[n=2 S0 —y T*f|l1 = 0
for all 0 < f € L(p).

(ii) As shown in (i) and (iii) of Proposition 6.4, Example 9 exhibits a positive
operator T on L' with ||T"|| = n+ 1 and ||n=" 3320 T%|| = 271 (n + 1) for all
n > 1, such that lim, .o > p_o T* f exists (in particular, lim, . || 7" f||1 = 0)
for f in a dense subset of L'. In connection with this example, it is interesting
to note here that Kornfeld and Kosek [8] constructed, for any § € (0,1), a
mean ergodic positive operator T on L' with lim,, o ||T"]|/n'™° = oo, and
showed that the Cesaro-mean-boundedness of a positive L' operator 17" implies
IT"|| = o(n'=¢) for some € > 0.

ACKNOWLEDGEMENT: The authors are grateful to the referee for his careful
reading and valuable suggestions.

References

[1] P. L. Butzer and A. Gessinger, Ergodic theorems for semigroups and cosine oper-
ator functions at zero and infinity with rates; applications to partial differential
equations. A survey, Contemporary Mathematics 190 (1995), 67-93.

[2] Y. Derriennic, On the mean ergodic theorem for Cesaro bounded operators, Col-
loquium Mathematicum 84 /85 (2000), 443-355.
[3] Y. Derriennic and M. Lin, On invariant measures and ergodic theorems for posi-

tive operators, Journal of Functional Analysis 13 (1973), 252-267.

[4] Y. Derriennic and M. Lin, Fractional Poisson equations and ergodic theorems for
fractional coboundaries, Israel Journal of Mathematics 123 (2001), 93-130.



Vol. 162, 2007 TAUBERIAN THEOREMS 149

[5]
[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

21]

J. Diestel and J.J. UHL, JR., Vector Measures, Mathematical Surveys, No. 15,
American Mathematical Society, Providence, RI, 1979.

R. Emilion, Mean-bounded operators and mean ergodic theorems, Journal of
Functional Analysis 61 (1985), 1-14.

E. Hille and R.S. Phillips, Functional Analysis and Semigroups, American Math-
ematical Society Collog. Publ., vol. 31, American Mathematical Society, Provi-

dence, RI, 1957.

I. Kornfeld and W. Kosek, Positive L' operators associated with nonsingular
mappings and an example of E. Hille, Colloquium Mathematicum 98 (2003),
63-77.

Y.-C. Li and S.-Y. Shaw, Mean ergodicity and mean stability of regularized so-
lution families, Mediterranian Journal of Mathematics 1 (2004), 175-193.

Y.-C. Li, R. Sato and S.-Y. Shaw, Boundedness and growth order of means of
discrete and continuous semigroups of operators, submitted.

M. Maxwell and M. Woodroofe, Central limit theorems for additive functionals
of Markov chains, Annals Probability 28 (2000), 713-724.

R. Sato, Positive operators and the ergodic theorem, Pacific Journal of Mathe-
matics 76 (1978), 215-219.

R. Sato, Ratio limit theorems and applications to ergodic theory, Studia Mathe-
matica 66 (1980), 237-245.

H. Schaefer, Banach Lattices and Positive Operators, Grundlehren Math. Wiss.
215, Springer, 1974.

S.-Y. Shaw, Mean ergodic theorems and linear functional equations, Journal of

Functional Analysis 87 (1989), 428-441.

S.-Y. Shaw, Solvability of linear functional equations in Lebesgue spaces, Publica-
tions of the Research Institute for Mathematical Sciences, Kyoto Univ 26 (1990),
691-699.

S.-Y. Shaw, Non-optimal rates of ergodic limits and approximate solutions, Jour-
nal of Approximation Theory 94 (1998), 285-299.

D. V. Widder, An Introduction to Transform Theory, Academic Press, New York
and London, 1971.

K. Yosida, Functional Analysis, 6th ed., Springer-Verlag, Berlin, 1980.

A. Zygmund, Trigonometric Series. Vol. I, Cambridge University Press, Cam-
bridge, 1959.

Y.-C. Li, R. Sato, and S.-Y. Shaw, Ratio Tauberian theorems for positive func-
tions and sequences in Banach lattices, Positivity, to appear.



